Hybrid bulk-bin microphysics schemes discretize particle size distributions into bins for calculating microphysical process rates, while retaining a limited number of bulk prognostic quantities and assuming an underlying analytic functional form for the particle size distributions as in traditional bulk microphysics schemes. In this paper, the treatment of sedimentation in two-moment bulk and hybrid schemes is compared using different numerical methods. Using the first-order upwind method for calculating sedimentation in conjunction with a widely used, two-step, time-splitting approach that updates model fields after transport by air motion followed by calculation of sedimentation, it is shown analytically that despite using a spectrum of fall speeds corresponding to different particle sizes, hybrid schemes converge with increasing bin resolution toward bulk schemes that utilize only characteristic moment-weighted particle fall speeds. While not strictly convergent, it is also shown that solutions using bulk and hybrid schemes are often similar for other numerical methods and approaches. Noticeable improvement using the hybrid scheme occurs in a few circumstances: when the Courant number associated with falling precipitation is large (..1), requiring substepping, semiimplicit, or Lagrangian-type methods for numerical stability; or when a one-step approach is employed that calculates hydrometeor transport in a single step using a velocity that combines both vertical air motion and particle fall speed. Thus, it is concluded that the use of hybrid rather than bulk schemes is justified for some, but not all, applications, and care should be taken to determine the appropriateness of hybrid schemes for specific applications.
Introduction
The vertical transport of hydrometeors due to sedimentation is a key aspect of cloud, climate, and weather models. It has important implications for the amount and type of surface precipitation and the vertical distribution of hydrometeors in the atmosphere (e.g., Milbrandt and Yau 2005a) . The residence time of hydrometeors in the atmosphere also impacts key processes such as evaporation, sublimation, and melting and hence influences the cloud dynamics (e.g., Feingold et al. 1996) .
Microphysics schemes in cloud, weather, and climate models can be broadly classified into two types: 1) bulk schemes, which assume some functional form for the hydrometeor particle size distribution (PSD) and prognose one or more moments of the PSD (e.g., Kessler 1969; Lin et al. 1983; Rutledge and Hobbs 1983; Seifert and Beheng 2001; Milbrandt and Yau 2005a,b; Morrison et al. 2009) , and 2) bin schemes, which discretize the size distribution into multiple mass or size bins and prognose one or more moments in each bin (e.g., Khain et al. 2004) . Sedimentation in traditional bulk schemes is calculated using a characteristic moment-weighted fall speed for each prognosed bulk quantity. Bin schemes allow much more flexibility than bulk schemes in representing the hydrometeor size distributions and the spectrum of fall speeds corresponding to particles of different sizes, but come at a computational cost because of the large number of prognosed variables (often 30 or more for each hydrometeor species). Previous studies have speculated that differences in the treatment of sedimentation between bulk and bin schemes; namely, the use of characteristic moment-weighted fall speeds in bulk schemes versus a spectrum of fall speeds in bin schemes, can produce large differences in bulk and bin simulations (e.g., Khain and Lynn 2009) .
In an effort to improve computational cost while retaining the flexibility provided by bin schemes, recent efforts have sought to combine aspects of bin and bulk schemes. Such hybrid bulk-bin schemes (hereafter ''hybrid'') discretize the analytic bulk PSD into bins for calculating microphysical process rates (e.g., Feingold et al. 1998; Cotton et al. 2003) . These microphysical process rates are then used to update the prognostic bulk microphysical variables, and the analytic size distributions are recalculated based on the updated microphysical variables. Thus, hybrid schemes retain the detailed bin treatment for calculation of the process rates, but avoid the computational expense of prognosing quantities for each bin. Note that a hybrid bulk-bin scheme has also been recently developed to address issues related to bin model treatment of droplet activation and condensational growth (Grabowski et al. 2010) , but this differs from the hybrid schemes described herein that retain only bulk quantities as the time-dependent prognostic variables.
The first hybrid scheme applied to sedimentation was described by Feingold et al. (1998) . They argued that large errors can occur using a characteristic momentweighted fall speeds in bulk schemes instead of a distribution of fall speeds to represent the sedimentation of drops, and found that using the hybrid approach produced results closer to the full bin scheme compared to using the traditional bulk approach. The hybrid approach was later adopted by the Regional Atmospheric Modeling System (RAMS) for treating a number of processes, including sedimentation (Cotton et al. 2003) . More recently, this approach has been advocated as a means for improving the treatment of sedimentation and other processes in microphysics schemes (Straka 2009 ). Although much cheaper than bin schemes, hybrid schemes have a greater computational cost than bulk schemes since they discretize the PSD and numerically integrate over bins. However, this cost can be partly ameliorated using lookup tables to calculate the fall distance of particles for a given bin (Feingold et al. 1998; Cotton et al. 2003) .
Despite the increased interest in hybrid schemes and suggestions that differences in treating sedimentation in bulk and bin schemes can produce large differences in simulations, there has been little systematic testing of solutions using a spectrum of particle fall speeds versus characteristic moment-weighted fall speeds. In the current paper, such systematic testing using various numerical methods is described. The primary goal of this study is to demonstrate particular methods and situations for which hybrid and traditional bulk schemes produce either identical, similar, or diverging solutions. Although there are other important issues involving the treatment of sedimentation in bulk and hybrid schemes, such as the number of prognosed moments and evolution of PSD shape (e.g., Wacker and Seifert 2001; Milbrandt and Yau 2005a; Wacker and Lupkes 2009; Milbrandt and McTaggart-Cowan 2010; Mansell 2010) , this paper focuses solely on a comparison of solutions to the problem of sedimentation using the spectrum of particle fall speeds in hybrid schemes versus the characteristic moment-weighted fall speeds in bulk schemes.
Description of the microphysics schemes a. Bulk scheme
In bulk microphysics schemes, one or more bulk quantities of the hydrometeors are predicted for each category (e.g., cloud water, rain, snow, etc.), and a characteristic moment-weighted velocity is used to calculate sedimentation for each quantity. The PSD for each category is generally assumed to follow some analytic basis function. Herein exponential size distributions are assumed (except as otherwise noted):
where D is the particle diameter and N 0 and l are the intercept and slope parameters, respectively. This study uses a two-moment bulk scheme that prognoses the number mixing ratio N and mass mixing ratio M. Hereafter, the only species considered is rain, although the analysis could be easily extended to include any hydrometeor species. The prognosed N and M are related to the first and third moments of the PSD by (Morrison et al. 2009 )
M 5
where m9 is the hydrometeor mass distribution and r w is the density of liquid water. Here N is adjusted if needed so that mass-weighted mean size does not exceed 2 mm. Particle fall speed V is assumed to be a power-law function of D, where
Here, a 5 842 m 12b s 21 and b 5 0.8 for rain following Liu and Orville (1969) . For simplicity, the air density correction factor, which increases fall speed at low air densities, is neglected.
b. Hybrid bulk-bin scheme
The hybrid scheme is exactly the same as the bulk scheme, except that for sedimentation, the PSD is divided into a number of individual size bins that each fall at the appropriate velocity given by (4) at the midpoint D in each bin. The number mixing ratio in each bin j is given by
where D 1,j and D 2,j are the lower and upper boundaries of the size bin. Time tendencies of N and M are calculated by summing number and mass mixing ratios over all bins before and after sedimentation. These time tendencies are used to update the prognostic bulk N and M at each time step. Note that the hybrid approach could also be applied to a one-moment scheme, but this would differ from the two-moment hybrid scheme used here since only M would be prognosed (the hybrid approach could also be applied to three-moment schemes). Solutions using the hybrid scheme with either 10 or 100 bins are described in the next section. The PSD is partitioned linearly into bins covering a size range of 0-5 mm. Extending bins to larger sizes has no discernable impact on the presented results. Solutions using the 100-bin hybrid scheme are numerically converged in terms of bin resolution, which was demonstrated by additional tests using up to 1000 bins over the same size range (not shown).
Results and discussion
In this study, vertical transport of hydrometeors from air motion (hereafter ''advection'') and sedimentation are considered, while all other microphysical and dynamical processes are neglected. It follows that the conservation equation for any hydrometeor quantity c is given by
where r is air density, t is time, z is height, and y 5 w 2 V is the velocity (defined here as positive in the upward direction). Here, w is the vertical air motion and V is the hydrometeor fall speed due to gravitational fallout. Most atmospheric models with prognostic precipitation employ a two-step, time-splitting approach (hereafter ''2-STEP'') for solving the time-dependent equations for advection and sedimentation, including the widely used Weather Research and Forecasting model (WRF; Skamarock et al. 2007) , the Canadian Global Environmental Multiscale model (GEM; Cote et al. 1998) , and the Regional Atmospheric Modeling System (RAMS; Cotton et al. 2003) . In this approach, prognostic quantities are first updated after advection, followed by calculation of sedimentation using these provisional quantities. This approach has been used frequently in models for both historical and practical reasons. Sedimentation has traditionally been considered a component of microphysics schemes since particle fall speeds are calculated by the scheme and used for calculation of several other microphysical processes. Calculation of particle fall speeds and sedimentation is therefore usually contained within the microphysics code and is separated from the advection code. This has also allowed for easier implementation of microphysics schemes into models, especially in models with several different schemes available as options, such as WRF. Finally, models often use higher vertical resolution near the surface, where w is generally small, but V may be large; using 2-STEP means that substepping only needs to be applied to the calculation of sedimentation and not advection in order to ensure numerical stability (in models that use explicit Eulerian numerical methods).
Some models employ a one-step approach that calculates vertical advection and sedimentation together using a combined velocity that includes both vertical air motion and hydrometeor fall speed (hereafter ''1-STEP''; Szumowski et al. 1998; Morrison and Grabowski 2007 ). This approach is used less often than 2-STEP. 1-STEP is inherently less diffusive than 2-STEP, and therefore more accurate in a strict numerical sense, but can lead to spurious accumulation of precipitation in the atmosphere under some conditions (Szumowski et al. 1998; Morrison and Grabowski 2007) . Tests of the bulk and hybrid schemes using both the 2-STEP and 1-STEP approaches are described below.
a. Two step, time-splitting approach (2-STEP)
In this subsection, testing of the hybrid and bulk schemes is performed using the 2-STEP approach. Results using the first-order upwind method (FIRST) for calculating sedimentation are described first. This method has been utilized by a large number of microphysics schemes (e.g., Lin et al. 1983; Reisner et al. 1998; Hong et al. 2004; Thompson et al. 2008; Morrison et al. 2009 ), given its simplicity, low computational cost, and other desirable characteristics such as monotonicity and positive definiteness, although it is diffusive compared to higher-order accurate methods. Lagrangian-type schemes that use a linear remapping (e.g., Kato 1995) , which have also been used to calculate sedimentation in some models (Walko et al. 1995; Milbrandt and Yau 2005a) , are equivalent to FIRST if the Courant number associated with the falling precipitation, C p 5 VDz/Dt, is less than or equal to unity (where Dz is the vertical grid length and Dt is the time step). This is the well-known CourantFriedrichs-Lewy (CFL) stability criterion. Schemes employing FIRST for sedimentation use substepping if needed to satisfy the CFL criterion (e.g., Reisner et al. 1998; Thompson et al. 2008; Morrison et al. 2009 ).
1) ANALYTIC DERIVATION
The following derivation analytically demonstrates that the hybrid scheme converges to the bulk scheme with increasing bin resolution using FIRST (or equivalent methods), as long as the same fall speed-size relation is used in the bulk and hybrid schemes. FIRST is derived by the Taylor series expansion of (6) and truncation of terms of O(Dt 2 ) and higher, and approximating the spatial derivative by a first-order one-sided approximation in the upwind direction. Applied to the problem of sedimentation using the 2-STEP approach, this yields
for vertical level i (increasing with height) and time level n, where * indicates provisional quantities after advection.
Using the definition of M from (3) in (7) yields the solution for the bulk scheme (hereafter * is dropped for convenience):
where V m is a characteristic mass-weighted fall speed:
For the mass distribution m9 defined in (3) and power-law V-D relation in (4), (9) can be analytically integrated to give
where G is the Euler gamma function. The sedimentation of N in the bulk scheme is treated similarly, but using a characteristic number-weighted fall speed V N defined by
Similarly to V m , using the number distribution N9 and V-D relation in (4), (11) can be analytically integrated to give
For the hybrid scheme, summation of (7) over size bins yields the bulk sedimentation of N and M. For M, this is expressed by
where Y is the total number of bins and m j and V j are the mass mixing ratio and fall speed in each bin j. A similar expression can be derived for N by replacing m j with the number mixing ratio in each bin, n j . The corresponding change of the continuous hydrometeor spectra resulting from sedimentation using the hybrid scheme is given by (13) in the limits DD / 0 and Y / ':
Separating and rearranging terms in the integral on the right-hand side (rhs) yields
Combining (3), (9), and (15) and integrating the resulting expression over the PSD yields (8), and hence is identical to the solution using the bulk scheme. A similar derivation holds for sedimentation of N. Thus, the hybrid scheme is a numerical approximation of the bulk scheme using FIRST and is convergent with the bulk scheme as bin resolution increases, using the 2-STEP approach. Convergence of the hybrid scheme toward the bulk scheme is not dependent upon the particular fall speed-size relation chosen, as long as the hybrid and bulk schemes use the same relation. The power-law formulation given by (4) is used here because it allows for derivation of simple analytic forms for V m and V N .
Note that for two-moment hybrid and bulk schemes, convergence requires that the V m defined by (9) be applied to sedimentation of M, and the V N defined by (11) be applied to sedimentation of N, as is done in most, but not all (G. Feingold 2011, personal communication) , two-moment bulk microphysics schemes. Inconsistencies in the application of V m and V N in the bulk scheme lead to diverging solutions between the hybrid and bulk schemes. Although not the focus of this paper, convergence of one-moment hybrid and bulk schemes also follows from (9), (10), and (13)- (15), provided that the V m defined by (9) be applied to sedimentation of the prognosed M in the one-moment bulk scheme.
Solutions using FIRST are numerically unstable if C p . 1, as mentioned previously. In practice, microphysics schemes use substepping of Eulerian methods, including FIRST (e.g., Reisner et al. 1998; Thompson et al. 2008; Morrison et al. 2009 ), semi-Lagrangian (e.g., Kato 1995; Stevens and Seifert 2008) , or semi-implicit (Doms et al. 2011) approaches to maintain stability when C p . 1, and this can produce divergence in the hybrid and bulk solutions as detailed below. For many high-resolution modeling applications (e.g., large-eddy and cloud-resolving models), C p # 1 over the spectrum of particle fall speeds and stability is not an issue; for example, given a maximum drop fall speed of ;10 m s 21 and typical cloud model Dz of order 100 m, the CFL criterion is met if the time step is less than ;10 s. However, larger-scale cloud system-resolving and mesoscale models often use a stretched vertical coordinate, with smaller Dz (order 10-100 m) near the surface to improve the simulation of boundary layer processes. In such models, C p may be substantially larger than unity at the lowest model levels. Numerical solutions with C p .. 1 are described later in section 3a(2).
2) NUMERICAL RESULTS
Numerical tests of the bulk and hybrid schemes are described next. In these tests, air density is assumed to be constant in the vertical for simplicity, Dz 5 100 m, and , transport due to vertical air motion is calculated using a one-dimensional, nonoscillatory version of the widely employed second-order time-and space-accurate Multidimensional Positive Definite Advection Transport Algorithm (MPDATA; Smolarkiewicz 1984; Smolarkiewicz and Grabowski 1990) .
Results using the bulk and hybrid schemes are compared with reference, quasi-analytic solutions that are derived following the approach of Milbrandt and McTaggart-Cowan (2010) (see their appendix A for details). These solutions are obtained by discretizing the PSD into 1000 bins between 0 and 10 mm. At any time t, the height to which particles of a given size bin j fall is given by
where z j is the height of the particles after t, z 0 is their initial height, D j is the midpoint diameter of the bin, and y j is the sum of the vertical air motion and fall speed of particles with diameter D j following (4). The bulk quantities N and M as a function of t and z are found by summation over all particle sizes that have fallen to height z at time t following analytic calculation using (16) . No time stepping is performed. Figures 1-3 illustrate evolution of M and N using the bulk and 10-and 100-bin hybrid schemes in conjunction with FIRST and 2-STEP, along with reference solutions. Results are shown for w 5 0, 2, and 5 m s 21 . These tests show convergence of the hybrid scheme toward the bulk scheme as the bin resolution increases, consistent with the preceding analytic derivation. Results using the (numerically converged) 100-bin hybrid scheme are indistinguishable from those using the bulk scheme for all tests shown in Figs. 1-3 . Both the hybrid and bulk schemes produce large errors relative to the quasi-analytic reference solution. In particular, sedimentation of M occurs too rapidly, resulting in peak values occurring at heights approximately 1 km lower compared to the reference solutions at t 5 8 min. This is a well-known feature of two-moment microphysics schemes with exponential PSDs (Wacker and Seifert 2001; Milbrandt and Yau 2005a; Wacker and Lupkes 2009; Milbrandt and McTaggart-Cowan 2010) . A key point is that hybrid schemes do not address this problem, since the binned representation of the PSD is not retained between time steps. Allowing the PSD shape to evolve (e.g., using a gamma PSD with a variable shape parameter) has been shown to improve representation of sedimentation in one-moment and two-moment schemes (Milbrandt and Yau 2005a; Milbrandt and McTaggartCowan 2010) , but such improvements can be equally realized using either bulk or hybrid schemes.
The impact of prognosing only the bulk N and M and not retaining spectral quantities between time steps in the hybrid scheme is further illustrated by an additional test. In this test, the binned representation of the hybrid scheme is employed, but instead of prognosing only the bulk N and M, the binned quantities are retained from time step to time step for the duration of the integration. This approach (hereafter ''bin'') is akin to traditional spectral bin microphysics schemes. Results for the bin, hybrid, and reference solutions for w 5 0 m s 21 are shown in Fig. 4 (FIRST is used for the hybrid and bin schemes as in Figs. 1-3) . Numerical diffusion, which occurs using both the hybrid and bin schemes but not in the reference solution, leads to some spreading of N and M and smaller peak values of these quantities in the bin compared to reference solutions. However, relatively small differences between bin and reference suggest that numerical diffusion plays only a minor role in explaining errors produced by the hybrid scheme. Thus, comparison of these solutions confirms that most error produced by the hybrid scheme relative to the reference solution is due to prognosing the bulk N and M and not retaining spectral information from time step to time step, rather than numerical diffusion. Nonetheless, these solutions are diffusive compared to the tests described later, especially for the w 5 2 and 5 m s 21 integrations. As demonstrated below, this occurs partly because FIRST is itself diffusive compared to higherorder numerical methods, and also because of the two-step, time-splitting procedure used by the 2-STEP approach, which is inherently more diffusive than 1-STEP.
The hybrid and bulk schemes are also tested using higher-order numerical methods in conjunction with 2-STEP. Any method producing nonlinearity in either V or m9 in its solution leads to divergence between the bulk and hybrid approaches. In general, higher-order FIG. 1. Vertical profiles of bulk mixing ratio M and number mixing ratio N due to sedimentation using the firstorder upwind method for (a) t 5 4 min and (b) t 5 8 min for w 5 0 m s 21 . Results for the bulk (thick solid), 10-bin hybrid (thick dashed), 100-bin hybrid (thick dotted), and reference (thin solid) are presented. Initial profiles are shown by the thin dash-dot line. spatial or temporal discretization, iterative, and/or various flux-modified methods lead to such nonlinearities either explicitly or implicitly. Given dispersion errors that occur using higher-order accurate methods, these methods are generally combined with some type of modification to ensure positive definiteness and/or monotonicity (e.g., Smolarkiewicz 1984; Skamarock 2006; Blossey and Durran 2008; Wang et al. 2009 ). To test the bulk and hybrid schemes using such an approach, MPDATA is used to calculate both sedimentation and vertical advection in conjunction with the 2-STEP approach.
Results for the bulk, 10-bin hybrid, and 100-bin hybrid schemes at t 5 8 min are shown in Fig. 5 for w 5 0, 2, and 5 m s
21
. In contrast to solutions using FIRST, there is not strict convergence of the hybrid and bulk schemes with increasing bin resolution because of the nonlinearities discussed above. However, differences using the hybrid and bulk schemes are still quite small (,10% at all heights). A comparison of results using MPDTA with FIRST also illustrates the relative diffusiveness of FIRST. For example, the height of the bottom boundary of precipitation is several hundred meters higher for a given w using MPDATA instead of FIRST. Furthermore, peak values of M are 20%-35% larger using MPDATA.
In practice, substepping may be needed using the hybrid scheme with explicit Eulerian numerical methods (including FIRST and MPDATA) to satisfy the CFL criterion for the largest, and hence fastest-falling, particles of the distribution. Semi-Lagrangian (e.g., Kato 1995; Stevens and Seifert 2008) or semi-implicit (Doms et al. 2011 ) approaches do not suffer from this restriction. If C p . 1 and either substepping, semi-Lagrangian, or semi-implicit methods are employed to maintain stability, this can lead to divergence of solutions between the hybrid and bulk schemes. For the tests shown in Figs. 1-5 that use Dz 5 100 m and Dt 5 3 s, C p # 1 for all particle sizes in the hybrid scheme (i.e., up to 5 mm) using the fall speed relation in (4), and hence substepping was not needed. To test the bulk and hybrid schemes when C p . 1, additional integrations were performed using FIRST with Dt set to either 30, 60, or 240 s . For these integrations, up to 4 (Dt 5 30 s), 8 (Dt 5 60 s), or 32 (Dt 5 240 s) substeps are required for numerical stability using the hybrid scheme. Substepping is applied as needed independently to each size bin in the hybrid scheme to minimize numerical diffusion, while retaining the spectral representation of the PSD between substeps. Substepping is also applied as needed in the bulk scheme, with the V m and V N recalculated between substeps. Because spectral information is not retained between substeps in the bulk scheme, there is limited sensitivity of solutions to an increase in Dt for C p . 1.
Solutions using the bulk and hybrid schemes diverge in these tests, mainly near the peak and base of the precipitation. Although results using the hybrid scheme converge toward the reference solution as Dt is increased (since the spectral representation is retained between substeps), in contrast with the bulk scheme, differences between the hybrid and bulk solutions are small compared to errors produced by both schemes relative to the reference for Dt # 60 s. Thus, the hybrid scheme produces noticeable improvement when C p .. 1, but this improvement is relatively small even with C p as large as ;8. Greater differences between the hybrid and bulk schemes occur with Dt 5 240 s (maximum C p ; 32), with substantial improvement using the hybrid scheme; note that its solution is actually identical with the reference at t 5 4 min, since Dt 5 t in this instance. Larger differences between the bulk and hybrid solutions also occur if the moment-weighted fall speeds are not updated between substeps in the bulk scheme. In this case, there is spurious accumulation of M near the base of the precipitation, where precipitation falls into levels where there were no hydrometeors at the start of the time step; hence, V m 5 V N 5 0 during substeps before the moment-weighted fall speeds are updated to nonzero values at the next full time step. In practice, using Dz and Dt that result in values of C p larger than ;2-3 may be unwise, whether substepping, semi-Lagrangian, or semi-implicit methods are employed, since precipitation can fall large distances without undergoing other microphysical processes like evaporation and accretion unless these processes are also substepped (cf. Stevens and Seifert 2008) . It is noted that an alternative approach to the problem of microphysics and sedimentation at large C p was proposed by Geleyn et al. (2008) , who formulated a statistical method that distinguishes between existing precipitation in a layer, precipitation that crosses the layer from above, and precipitation produced (or removed) locally within the layer. The results described above, namely, convergence of the hybrid and bulk schemes when C p # 1 and similarity of results for 1 , C p , ,8, are not dependent upon the particular shape of the analytic PSD. Repeating the tests described above, but using gamma PSDs with various spectral shape parameters (4 or 8), yields similar conclusions (not shown). Convergence of the hybrid and bulk schemes using FIRST can also be demonstrated analytically using (8)- (15) in section 3a(1), but replacing the V m and V N in (10) and (12) with expressions appropriately moment weighted for a gamma PSD. Nonetheless, it is emphasized that solutions using gamma PSDs for both the hybrid and bulk schemes differ substantially from those assuming exponential PSDs. This finding highlights the importance of spectral shape on sedimentation (regardless of whether hybrid or bulk schemes are employed), which has been previously described in several papers (Wacker and Seifert 2001; Milbrandt and Yau 2005a; Wacker and Lupkes 2009; Milbrandt and McTaggart-Cowan 2010) . Fig. 1, but for results using the 100-bin hybrid (thick dotted), bin (thick dot-dash), and reference (thin solid line) solutions. Initial profiles are shown by the thin dash-dot line. b. One-step combined approach (1-STEP)
FIG. 4. As in
In this subsection, solutions using the 1-STEP approach with hydrometeor transport calculated using a combined velocity that includes both vertical air motion and sedimentation are described. These tests use MPDATA for calculation of both sedimentation and vertical advection; the FIRST method is not used here since it is numerically unstable if the sign of the velocity changes in the column, which is generally the case when precipitation falls in an updraft.
Results for w 5 2 and 5 m s 21 using the bulk and hybrid schemes with 1-STEP are shown in Figs. 9-10. Overall differences between the bulk and 100-bin hybrid schemes are again small compared to differences with the reference solutions, although large differences are apparent using the 10-bin hybrid scheme, especially for N. Nonetheless, there are notable differences that occur between the bulk and 100-bin hybrid schemes using 1-STEP. In particular, if the mass-weighted fall speed V m , which is initially equal to 3.97 m s 21 for all levels containing rain, is greater than or equal to vertical air velocity w, then no precipitation can be lofted above its initial height using the bulk scheme. This is evident by the sharp cutoff of precipitation above 5 km seen in Fig. 9 with w 5 2 m s 21 . This is even more evident in an additional set of tests in which the magnitude of w is set to be exactly equal to the initial V m (not shown). This sharp cutoff of precipitation above 5 km occurs because when V m $ w initially, differential sedimentation of N and M (since V N , V m ) leads to a decrease of N and, hence, further increase in V m . Note that in this instance N is transported upward into levels in which M 5 0, but is subsequently set to zero at these levels since there is FIG. 6 . As in Fig. 1 , but for Dt 5 30 s, with substepping employed as needed to maintain numerical stability. Results for the bulk (thick solid), 100-bin hybrid (thick dotted), and reference (thin solid) are presented. Initial profiles are shown by the thin dash-dot line. no rain mass. With a spectrum of particle fall speeds in the hybrid scheme this problem is avoided since a portion of the PSD has fall speeds less than w; therefore, results are closer to the reference solution.
One might expect a similar problem to occur when V m # w, leading to no precipitation falling below the initial base of precipitation using the bulk scheme. This would indeed occur using a one-moment bulk scheme since V m only depends on mass mixing ratio in these schemes, which can result in spurious accumulation of precipitation in the atmosphere (Szumowski et al. 1998; Morrison and Grabowski 2007) . This can in turn have potentially important consequences for model dynamics, given the impact on condensate loading and hence buoyancy. However, with the two-moment scheme used here, differential transport of N and M leads to a decrease of N and hence an increase in V m , which allows precipitation to fall downward and results in little difference in the hybrid and bulk solutions for w 5 5 m s 21 (Fig. 10) . Note that differential sedimentation of N and M also leads to downward transport of precipitation even when the magnitude of w is set to be exactly equal to the initial V m (3.97 m s 21 ). Solutions using the 1-STEP approach are inherently less diffusive than those using 2-STEP, as mentioned previously. This can be illustrated as follows: when w . 0 m s
21
, precipitation at some level will be transported to the next level below from sedimentation and to the next level above from vertical air motion using 2-STEP. In contrast, precipitation will only be transport to either the level above or the level below using 1-STEP, depending upon the sign of the combined fall speed/ vertical air velocity. In the tests shown here, the diffusivity of 2-STEP leads to peak values of M that are about 10%-20% smaller than those using 1-STEP (cf. 
Conclusions
In this study, the treatment of sedimentation in bulk and hybrid bulk-bin microphysics schemes was compared using different numerical methods. These findings have implications for the development and use of bulk and hybrid schemes, as well as interpretation of differences in model simulations that arise from the use of a spectrum of fall speeds in hybrid and bin schemes for calculating sedimentation versus characteristic momentweighted fall speeds in bulk schemes.
Two approaches for solving the time-dependent equations for vertical advection and sedimentation were tested: 1) a widely used, two-step, time-splitting approach that first updates prognostic quantities after transport by vertical air motion, followed by calculation of sedimentation (2-STEP); and 2) a one-step approach that calculates transport by advection and sedimentation using a combined velocity that includes both particle fall speed and vertical air motion (1-STEP). Two different numerical methods for treating sedimentation were also tested in detail: 1) a simple, first-order upwind scheme (FIRST), and 2) a nonoscillatory, second-order time-and space-accurate scheme (MPDATA). These solutions were compared against reference quasi-analytic solutions.
For the FIRST numerical method (or equivalent Lagrangian methods) in conjunction with the 2-STEP approach, it was shown analytically that the hybrid scheme converges toward the bulk scheme with increasing bin resolution, as long as the same fall speed-size relation is used in the bulk and hybrid schemes. Although solutions using the hybrid scheme with higher-order numerical methods do not strictly converge toward the bulk scheme, these schemes produced similar results using the secondorder accurate MPDATA. The implication is that hybrid schemes have only limited advantages using higher-order accurate methods because improvements relative to the bulk scheme can only arise from differences between FIRST and the more accurate methods. Although exponential hydrometeor PSDs were assumed here, similar results were found using gamma PSDs with various spectral shape parameters.
Convergence of solutions using the hybrid and bulk schemes in the current study contrasts with the results of Feingold et al. (1998) . This likely reflects differing applications of the mass-and number-weighted fall speeds. Here, mass-and number-weighted fall speeds were applied separately in the bulk scheme to the predicted mass and number mixing ratios following (9) and (11), which is required for convergence with the two-moment hybrid scheme. In contrast, the two-moment bulk scheme of Feingold et al. (1998) applied mass-weighted fall speeds to both the mass and number mixing ratios (G. Feingold 2011, personal communication) , which limits size sorting and can lead to divergence with the hybrid scheme.
Both the hybrid and bulk schemes produced large errors relative to the reference solutions. These errors were primarily a result of the fixed PSD shape in the bulk and hybrid schemes, rather than numerical diffusivity. Previous studies have described similar errors that can arise in one-moment and two-moment schemes that assume a fixed PSD shape (Wacker and Seifert 2001; Milbrandt and Yau 2005a; Wacker and Lupkes 2009; Milbrandt and McTaggart-Cowan 2010) . This aspect is not directly addressed by hybrid schemes, since they also assume an underlying functional form for the PSD like bulk schemes. Thus, improvements in the representation of sedimentation by allowing the PSD shape to evolve (e.g., using a gamma PSD with a variable shape parameter; Milbrandt and Yau 2005a; Milbrandt and McTaggart-Cowan 2010) can be equally realized in both bulk and hybrid schemes.
In practice, schemes employ substepping (with Eulerian), semi-Lagrangian, or semi-implicit methods to ensure numerical stability when the Courant number associated with falling precipitation, C p , is greater than unity. In this instance, solutions using the hybrid and bulk schemes diverge. Additional tests were performed with the model time step increased to 30, 60, or 240 s to assess the performance of these schemes when C p . 1. In these tests, substepping was employed for numerical stability using FIRST, with the spectral PSD representation retained between substeps in the hybrid scheme. The hybrid scheme led to improvements relative to the bulk scheme when compared to the reference solutions (it is convergent with the reference solution when the time step is equal to the total integration time). Substantial improvements using the hybrid scheme were evident with a 240-s time step (maximum C p ; 32). However, differences using the hybrid and bulk schemes were generally small for time steps of 30 and 60 s, even though C p was as large as ;8 in these tests. Using a time step and vertical grid spacing resulting in C p greater than ;2-3 is not recommended regardless of the numerical method employed unless substepping is applied to other microphysical processes that act on the falling precipitation such as evaporation and accretion. Solutions using the hybrid and bulk schemes were also generally similar using the 1-STEP approach. However, more significant differences occurred when the initial mean mass-weighted fall speed V m was greater than or equal to the air vertical velocity w. In this instance, the hybrid scheme with its spectrum of particle fall speeds was able to simulate lofting of precipitation above its initial height, similar to the reference solutions and in contrast to the bulk scheme.
In summary, noticeable improvement using the hybrid scheme occurred in only a few cases; namely, when C p .. 1 (which is not recommended anyway, without substepping other microphysical processes), or when V m $ w using the 1-STEP approach. The implication is that in many instances, the use of a spectrum of fall speeds versus characteristic moment-weighted fall speeds for treating sedimentation is unlikely by itself to explain large differences between bin and bulk model simulations (e.g., in surface precipitation), again as long as the same fall speed-size relation is used in the bulk and bin schemes. Overall, it is concluded that the use of hybrid rather than bulk schemes is justified for some, but not all, applications; hence, care should be taken to determine the appropriateness of hybrid schemes for specific applications.
